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Abstract. There are experimental evidences for the existence of narrow states Θ+ and Θc with the same
quantum numbers of uudds̄ and uuddc̄ pentaquarks and also NK(∗) and ND(∗) molecular states. Their
masses deviate from many theoretical estimates of the pure pentaquark and molecular states. In this work
we study the possibility that the observed Θ+ and Θc are mixtures of pure pentaquark and molecular
states. The mixing parameters are in general related to non-perturbative QCD which are not calculable
at present. We determine them by fitting data from known states and then generalize the mechanism to
Θb to predict its mass and width. The mixing mechanism can also naturally explain the narrow width for
Θ+ and Θc through destructive interferences, even if the pure pentaquark and molecular states have much
larger decay widths. We also briefly discuss the properties of the partner eigenstates of Θ+ and Θc and
the possibility of experimentally observe them. Moreover, probable consequences of multi-state mixing are
also addressed.

1 Introduction

Following the discovery of Θ+ by the LEPS collaboration
[1], some experimental collaborations [2–14] have also con-
firmed its existence. Its mass is 1539.2 ± 1.6 MeV with a
very narrow width of 0.9±0.30 MeV. The Θ+ is a baryon
state with exotic strangeness quantum number S = +1
which cannot be understood as a normal baryon made of
three quarks. It is reasonable to interpret Θ+ as a pen-
taquark (uudds̄) which was predicted in several theoret-
ical works [15]. Recently the H1 Collaboration reported
their finding of a new narrow resonance [16], whose mass
and width are 3099 ± 3(stat) ± 5(syst) MeV and 12 ± 3
MeV, respectively. This narrow resonance can be inter-
preted as a charmed pentaquark Θc (uuddc̄) which has
also been studied theoretically before [17]. There is also
the possibility of the existence of a new state Θb with the
c̄ replaced by a b̄ in Θc. Even though it has not been ob-
served at present, future experiments will provide more
information. One should also note that there are other ex-
periments which do not observe the Θ+ and Θc [18] states.
More investigations are needed to confirm the existence of
these states.

There have been extensive studies for light pentaquark
and multi-quark states [19–22], and as well as heavy pen-
tquarks [23–25,22]. One of the attractions of investigat-
ing pentaquarks is that one may gain more knowledge on
not only the hadron structure, but also insights to the
underlying mechanism which binds quarks into a multi-
body system. It is interesting to investigate if there ex-
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ist sub-structures in the five-constituent systems. Karliner
and Lipkin [21,24] suggested that the Θ+ has a diquark-
triquark (ud)-(uds̄) sub-structure, and on the other hand,
Jaffe and Wilczek (JW) [25] proposed that Θ+ is a bound
state of an antiquark with two highly correlated spin-zero
ud diquarks, moreover they also suggested a mixing of an
octet and an antidecuplet which is recently re-studied [26].
In these frameworksΘ+ is a 1/2+ particle. The predictions
on the central value of Θ+ mass spread from [21,24,25,22]
1481 MeV to 1592 NeV and the range covers the central
value of the data. The predictions on the Θc mass is in
the range of 2710 MeV to 2997 MeV which is consistently
below the central value 3099 MeV of the data. The mass of
Θb, using the same method, is predicted to be in the range
of 6050 MeV to 6422 MeV. There are also several lattice
calculations for the masses of the pentqaurks [27–29] and
so far, no conclusive results about the Θ+ mass and its
parity have been achieved. For Θc with positive parity the
mass is estimated to be 2977±109 MeV in [28]. At present,
theoretical estimates have large uncertainties and it is en-
tirely possible that a pure pentaquark state mass fits the
reported mass of Θc from H1. For the pentaquark decay
width, the situation is even more uncertain [20,21,24,22].
The present theory is in a very unsatisfactory situation.

There were also attempts to identify Θ+ as a N -K
molecular state. However theoretical calculations [25,30]
typically give much larger width and lower mass for the
molecular state compared with the data. There is also a
possibility that the molecular state is a N -K∗ molecular
state. In this case the mass is above the measured Θ+

mass, namely a typical negative binding energy of N -K∗
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cannot reduce the total mass to the data. For this reason,
molecular states cannot be identified as the observed Θ+.
However these states correspond to a different component
in the Hilbert space, although the triquark-diquark, or
diquark-diquark-antiquark pentaquark combinations and
the molecular states have different color structures, the
pentaquark and the moldecular states may mix because
they all have the same overall quantum numbers. It is
clear that no mixing would be needed if the observed
states could be identified with pure pentaquark or molec-
ular states.

There are interesting consequences if mixing indeed ex-
ists. Consider a mixing of two states, a pure pentaquark
state mixes with a molecular state. One notes that when
diagonalizing a two-by-two mass matrix, one obtains two
eigenvalues with one of them being smaller than the min-
imum of the original two diagonal matrix elements and
another larger than the maximum if the mixing is non-
zero. One of the eigenstates is identified with the observed
Θ state and another is a physical partner state. Because
mixing, one can expect a mixed state possesses a mass
which is consistent with data, while the predicted pure
pentaquark and the pure molecular N -D (or N -D∗) state
have masses which are different than the observed Θ state.
This motivates us to consider the possibility that the ob-
served Θ+ and Θc may be mixtures of pure pentaquark
and molecular states. Another challenging property of Θ+

and Θc is their narrow widths. We will show that even if
both the pure pentaquark and molecular states may have
larger widths, but a destructive interference between them
may result in overall narrow widths for the observed res-
onances.

Similar idea in obtaining a narrow width for other sys-
tems was discussed in [31] and some authors suggested
that the smallness of the width of Θ+ may be due to a
so-called “super-radiance” which actually is also a destruc-
tive interference effect [32].

Although at this stage the indication of mixing is not
strong, nevertheless it is interesting to see what this will
lead to. In this work we study some consequences of pure
pentaquark and molecular states mixing for Θ+, Θc and
Θb. Our strategy is as the following. We first calculate the
mass of the N -K (N -K∗)molecular state (having the same
quantum number as Θ+) by using linear σ−model and
taking a theoretical prediction for the pure pentaquark
Θ+ mass as input for the mixing mass matrix. We phe-
nomenologically introduce a mixing parameter in the two-
state mass matrix, and diagonalize the mass matrix to ob-
tain new eigenvalues and eigenstates. By fitting data, we
determine the mixing parameter with which we evaluate
the total width of the corresponding eigenstate.

Indeed, our discussions cannot offer explanations for
large mixing between a pentaquark and a molecular state
which requires a good understanding of non-perturbative
QCD effects. We will stay at the phenomenological level
to study the consequences. More accurate experimental
measurements and lattice QCD calculations on properties
of the resonances may provide some clues to this problem.

We then carry out calculations for Θc with the same
strategy and determine the corresponding mixing param-
eter by fitting data. Because charm quark is much heavier
than strange quark, one cannot expect the mixing parame-
ters in the cases for Θ+ and Θc to have any direct relation.
However, bottom and charm quarks all are supposed to be
heavy compared with the QCD scale, thus there may be
a connection between the parameters for Θc and Θb. By
a simple argument based on one gluon exchange picture
we relate the parameters for Θb to those of Θc. Using this
value, we estimate the mass and width for Θb.

Obviously there could be multi-state mixing among
pentaquark and molecular states of N-P and N-V types.
By adjusting parameters (there are more of them than
in the two-state mixing), the measured values can be re-
produced. If none of the pure states has a mass closer
to the observed pentaquark states, the mixing param-
eters need to be large. This is the case we are inter-
ested in. Using model calculations based on one parti-
cle ((pseudo)scalar or vector meson) exchange, we find
that mixing between N-P and N-V states is considerably
smaller than the mixing parameter of pentaquark with ei-
ther P-N or V-N which is obtained by fitting data. We
therefore will only concentrate on the mixing between the
pentaquark and molecular states. We will analyze the sim-
ple two-state mixing case in details, and then will discuss
the possible multi-state mixing.

This paper is organized as follows, after the introduc-
tion, in Sect. 2, we derive the formulation for the mixed
states where we only concentrate on the cases of two-state
mixing. In Sect. 3, we present our numerical results for
two-state mixing, and in Sect. 4, we discuss possible con-
sequences of three-state mixing and use several figures to
illustrate the changes of the spectra from the two-state
mixing case. And finally in Sect. 5, we discuss some im-
plications and draw our conclusions.

2 Pentaquark and molecular state mixing

2.1 Effective potential of molecular state

We postulate that the molecular state only contains two
constituents. The concerned molecular states can be cate-
gorized into V -N and P -N systems where V and P corre-
spond to a vector and a pseudoscalar meon, respectively.
Thus, the molecular state can beKN orK∗N for Θ+,DN
or D∗N for Θc, and BN or B∗N for Θb. The more com-
plicated structures with three or more constituents will be
commented on later.

We use the traditional method [33] by assuming the
potential between a nucleon and a meson to be due to one
particle exchange which may be a scalar, a pseudoscalar,
or a vector meson, and neglecting other heavier and multi-
particle intermediate states. In the linear σ-model, the
effective Lagrangian relevant to a σ, a π and a ρ exchange
is given by [34–39]
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Table 1. The binding energies EMole and MMole for various systems

P -N System V -N System
Λ : 1.5 ∼ 2.5 GeV Λ : 0.5 ∼ 1.5 GeV

EKN (MeV) EDN (MeV) EBN (MeV) EK∗N (MeV) ED∗N (MeV) EB∗N (MeV)
0 ∼ 25 0 ∼ 13 0 ∼ 9 0 ∼ 10 0 ∼ 4 0 ∼ 2
MKN (MeV) MDN (MeV) MBN (MeV) MK∗N (MeV) MD∗N (MeV) MB∗N (MeV)
1432 ∼ 1457 2803 ∼ 2816 6217 ∼ 6226 1830 ∼ 1840 2945 ∼ 2949 6263 ∼ 6265

L = gψ̄(σ + iγ5τ · π)ψ + g
NN ρψ̄γµτψ · ρµ

+gPPσP
†Pσ + gPPρ(P †τ∂µP − ∂µP

†τP ) · ρµ

+gV V πε
µναβ∂µV

†
ν τ∂αVβ · π

+gV V σ[∂µV †ν
∂µVν − ∂µV †ν

∂νVµ]σ

+gV V ρ[(∂µV
†ν

τVν − V †ν
τ∂µVν) · ρµ

+(V †ν
τ · ∂µρν − ∂µV

†ν
τ · ρν)V µ

+V †µ
(τ · ρν∂µVν − τ · ∂µρνVν)]

+[gV PπV
†µ

τ · (P∂µπ − ∂µPπ) + h.c.] (1)

+gV Pρε
µναβ [∂µρν∂αV

†
β · τP + ∂µV

†
ν τ · ∂αρβP ],

where P, V are an iso-spin doublet psudoscalar and vec-
tor mesons, i.e. ((K+)(∗), (K0)(∗))T , ((D+)(∗), (D0)(∗))T ,
((B+)(∗), (B0)(∗))T and their charge-conjugates. In this
expression, we only keep the concerned terms of the chiral
Lagrangian for later calculations.

In analog to the treatment with the chiral Lagrangian,
in this work all the coefficients at the effective vertices are
derived by fitting data of certain physical processes, where
all external particles are supposed to be on their mass-
shells. Meanwhile, we introduce form factors to compen-
sate the off-shell effects of the exchanged meson. At each
vertex, the form factor is parameterized as [40]

Λ2 −M2
m

Λ2 − q2
(2)

where Λ is a phenomenological parameter. If the ex-
changed particle is on-shell q2 = M2

m, the form factor
is unity.

To derive an effective potential, we set q0 = 0 and write
down the elastic scattering amplitude in the momentum
space and then carry out a Fourier transformation turning
the amplitude into an effective potential in the configura-
tion space. The total effective potential for P-N system is
the sum of contributions of σ and ρ:

V P−N
eff (r) = V P−N

σ (r) + V P−N
ρ (r), (3)

where V P−N
σ (r) and V P−N

ρ (r) are the parts of the poten-
tial induced by exchanging σ and ρ mesons respectively.

For a V -N system, the effective potential is obtained
by exchanging π, σ and ρ mesons. Thus the total effective
potential is the sum of these contributions,

V V−N
eff (r) = V V−N

π (r) + V V−N
σ (r) + V V−N

ρ (r). (4)

The explicit expressions of the individual potentials
V V−N

σ,π,ρ (r) are given in the Appendices A.
Using the above potential and the Schrödinger equa-

tion [
p2

2µ
+ V (r)

]
Ψp(r) = EpΨp(r), (5)

one can obtain the binding energies of the molecular
states. We suppose the parity of Θ+ (as well as Θc and
Θb) to be positive as predicted in [25,21,24], therefore P -
N and V -N must reside in the P-states, i.e. l = 1. In the
above µ is the reduced mass of the P -N or V -N systems.
The binding energies EMole obtained from the above for
different systems and the corresponding masses MMole of
the molecular states are given in Table 1.

2.2 The mixing mechanism

In this subsection, we only discuss the mixing between the
pentaquark state with one molecular state which can be
either P-N or V-N type.

We see from Table 1 that none of pure molecular state
has the right mass for an observed Θ state. We now discuss
how mixing of the pure pentaquark and molecular state
can modify the masses and obtain the correct ones by
assuming two state mixing. With mixing, the Hamiltonian
for the two-state quantum system has the form

H =

(
MMole ∆

∆∗ MPenta

)
, (6)

where MMole and MPenta are the masses for the pure pen-
taquark and molecular states. ∆ is a mixing parameter.
It is related to non-perturbative QCD and not calculable
so far which we treat as a phenomenological parameter to
be determined by fitting data.

The mixing parameter ∆ is expected to be non-zero. It
can be understood as the following. Suppose we take the
triquark-diquark picture for the pentaquark, the mixing of
the pentaquark and the molecule is due to exchange of an
anti-strange quark in the triquark and a u or d in the di-
quark accompanied by gluon exchanges. This mixing effect
is related to the transition process of a pure pentaquark
into a nucleon and a pseudoscalar or a vector meson (if it
is kinematically allowed, the transition can result in a real
decay mode) which is depicted in Fig. 1.

In Fig. 1, one can observe that the pentaquark and
molecular state have different color structures. For dif-
ferent models [25,21,24], the pentaquark may be of the
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Fig. 1. The diagrams for pentaquark and molecular state mix-
ing

diqaurk-diquark-anti-strange-quark (or c̄, b̄) and triquark-
diquark sub-structures, whereas the molecular state is
composed of two color-singlet constituents. The mecha-
nism for the mixing of pentaquark and molecular state
is realized via exchanging multi-gluons and a color re-
combination process. Indeed, for various models [25,21,
24], the color factors would be a bit different.

Diagonalizing H, we obtain two real eigenvalues

M± =
MMole +MPenta ±√(MMole −MPenta)2 + 4|∆|2

2
.

where M+ and M− correspond to the “+” and “−” on
the right of the above equation. It is noted that M− is
smaller than Min(MMole,MPenta) and M+ is larger than
Max(MMole,MPenta). Thus, we can expect that although
the pure pentaquark and molecular states do not have the
correct mass, the mixed state, which corresponds to the
observed resonance, can possess a mass which is consistent
with data. If both pure pentaquark and molecular states
are below the observed mass, one should identify M+ to
be the observed one. If both masses are larger than the
observed one, one must identify M− to be the observed
one. It is not possible to obtain the correct mass if the ob-
served one is between the pure pentaquark and molecular
state masses.

The eigenstates |Ψ+〉 and |Ψ−〉 corresponding to M+
and M−, respectively, are written as

|Ψ+〉 = cos θ|Mole〉 + sin θeiδ∆ |Penta〉,
|Ψ−〉 = − sin θ|Mole〉 + cos θeiδ∆ |Penta〉,

where

cot θ =
|∆|

M+ −MMole
, eiδ∆ =

∆

|∆| .

The absolute value of ∆ is determined by fitting the ob-
served state Θ mass, but the phase δ∆ of ∆ cannot be
determined this way.

2.3 The width of the mixed state

In the above we have obtained the massesM± of the mixed
states, one of which should be consistent with the mass
of the observed resonance and should also produce the
observed width. Now let us turn to the evaluation of the
width for the resulting eigenstate.

For the decay of a mixed state transiting into a two-
particle final state, the rate is given by

Γ± =
∫

d3PB

(2π)32EB

d3PC

(2π)3
mC

EC
(2π)4

×δ4(PA − PB − PC)|A±|2. (7)

where PA, PB , PC are the four-momenta of the mixed
state and two final products and the amplitude is

Ai = 〈B,C|HI |Ψi〉 = Di〈B,C|HM
I |Mole〉

+Fi〈B,C|HP
I |Penta〉, i = +,−, (8)

and D+ = F−e−iδ∆ = cos θ, −D− = F+e
−iδ∆ = sin θ.

HM
I acts on the molecular state whereas HP

I acts on the
pentaquark state only. They are the interaction Hamil-
tonian causing a molecular state and a pure pentaquark
state decay to B + C.

We cannot theoretically calculate 〈B,C|HP
I |Penta〉 be-

cause of its complicated structure and non-perturbative
QCD behavior, but by analyzing its general property, we
relate 〈B,C|HP

I |Penta〉 to 〈B,C|HM
I |Mole〉, by account-

ing for their color structures and physical differences. Thus
we may associate the two amplitudes and write their ratio
as

〈B,C|HP
I |Penta〉

〈B,C|HM
I |Mole〉 = gβ, (9)

where β is a corresponding color factor which can be ob-
tained from Fig. 1. by considering the color wave func-
tion overlaps. We find that |β| = 2/3

√
3 for the diquark-

diquark-antiquark model, and 5
√

2/3
√

3 for the triquark-
diquark model where the leading contribution is from
one gluon exchange. The difference of the amplitudes
A(Mole → B,C) and A(Penta → B,C) is not only due to
the color factors, but also there may exist a dynamic factor
g induced by the concrete physical mechanisms which de-
pend on the system concerned. However, they are related
to non-perturbative QCD and cannot be reliably calcu-
lated so far, therefore we introduce an adjustable phe-
nomenological parameter g to denote the difference of the
governing physical mechanisms in the two transition pro-
cesses. We will label gβ by gjβ with j = s, c, b for Θ+, Θc

and Θb seperately.
Ai can be written as

Ai =
(
Di + Fi · gjβ

)
M(Mole → B,C). (10)

The amplitude M(Mole → B,C) = 〈B,C|HM
I |Mole〉

which only concerns hadronic states, is calculable in terms
of the linear σ-model, thus with eq.(10), one can obtain
the transition amplitude Ai.

One of the challenging problems with Θ+ is to explain
the narrowness of the width. There have been many efforts
trying to understand this. If the parameter gj is of order
one, the width of the pure pentaquark is not necessarily
small which seems to make the situation worse. However
when there is mixing, this problem can be easily solved if
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the nature selects Di +Figjβ to be small for the observed
state. As a result the other mass eigenstate would have a
broad width. For later convenience, we define

xj = gjβ exp(iδ∆j ).

Using the conjecture that the physical pentquark state ac-
quires a narrow width by cancellation, one can determine
the combination.

The molecular decay processes are depicted in Fig. 2. It
is noted that the transition of |Mole〉 to N and P can also
take place via exchanging a Λ or Σ baryon, but since they
are heavier than π, σ and ρ, the corresponding contribu-
tions are suppressed and we ignore them in our practical
computations.

We will use harmonic oscillator model [41] to estimate
the decay amplitude of a molecular state. The detail ex-
pressions are listed in Appendix B.

2.4 The mass and width for Θb

The above results for mixed state can also be applied to
the Θb state. As indicated above, ∆s may be completely
different from ∆c. For the same reason gs is expected to be
different than gc, but one can expect ∆c and gc are related
to ∆b and gb since both ∆ and g are due to an exchange of
a heavy anti-quark (c̄ or b̄) with a quark accompanied by
a gluon exchange for the leading order. By the one-gluon-
exchange (OGE) mechanism [42], one may expect that the
leading order of the effective potential is approximately
proportional to the distance between the two constituents
(here they refer to a light quark in the diqaurk and a heavy
quark in the triquark) and thus inversely proportional to
the reduced mass. We can roughly have

∆b

∆c
=
mµ(BN)
mµ(DN)

=
mB(mD +mN )
mD(mB +mN )

= 1.28,

∆b

∆c
=
mµ(B∗N)
mµ(D∗N)

=
mB∗(mD∗ +mN )
mD∗(mB∗ +mN )

= 1.17, (11)

here mµ(DN), mµ(BN), mµ(D∗N) and mµ(B∗N) are re-
spectively the reduced masses ofDN , BN ,D∗N and B∗N
system. We use similar relation for gb/gc.

3 Numerical result

We are now ready to carry out numerical analysis. For the
on-shell vertex parameters involved, we follow [43–49] to
use:

gNNπ = gNNσ = 13.5, gNNρ = 3.25 [43].
gKKσ = 4.50 GeV; gDDσ = 12.0 GeV;
gBBσ = 35.0 GeV [44].
gKKρ = 8.49 [45,46].
gK∗K∗π = gK∗K∗σ = 8.0,
gD∗D∗π = gD∗D∗σ = 3.5,
gB∗B∗π = gB∗B∗σ = 4.8 [46,47],
gD∗D∗ρ = gB∗B∗ρ = 2.9 [45,46],
gK∗K∗ρ = 4.8. gD∗Dπ = 18,

gB∗Bπ = 49.1 [48].
gDDρ = 3.81,
gBBρ = 5.37,
gD∗Dρ = 4.71 GeV−1,
gB∗Bρ = 5.70 GeV−1 [49].
It is generally believed that the parameter Λ in the

form factor is around 1 GeV, but the concrete number
can vary in a certain range. If the value of Λ is too small,
the two constituents (PN or V N) cannot be bound at all,
i.e. the supposed molecular state does not exist, whereas,
if the value of Λ is too large, the binding energy becomes
negative. We will allow Λ to vary up to a few GeV. By
solving the Schrödinger equation, we notice that for the
PN−system (KN, DN, BN), the value of Λ can be 1.5 ∼
2.5 GeV, and for the V N−system (K∗N , D∗N , B∗N) it
is 0.5∼1.5 GeV.

Solving the Schrödinger equation with the potential
derived in the linear σ-model, we obtain the binding en-
ergies for pure molecular states of KN , K∗N , DN , D∗N ,
BN and B∗N . The predicted values are listed in Ta-
ble 1. The masses of the molecular states are given by
MMole = mN +MP (V ) + EP (V )N which are also listed in
Table 1.

3.1 The mixing parameters

Several groups have evaluated the masses of pure pen-
taquarks in different models. In our numerical evaluations,
for concreteness we adopt the triquark-diquark structure
proposed by [21,24].

3.1.1 The results for Θ+

The value 1592 MeV for the mass of Θ+ obtained by Kar-
liner and Lipkin is greater than the measured value (1540
MeV). To obtain a lower eigenmass, one must mix it with
a state which also has a mass larger than the observed one.
If a state with a lower mass is used, the resulting lower
eigenstate would have a mass even lower in contradiction
with data. This forbids KN molecular state to be the one
to mix with. The state which the pure pentaquark will
mix with should be a molecular state of K∗N type. One
should identify |Ψ−〉 as the Θ+ state. By fitting data, we
have obtained the mixing parameter ∆s and xs and other
quantities. We have

xs = 0.46 ∼ 0.57, ∆s = 101 ∼ 137(MeV),
ΓΘ+ = 0.66 ∼ 1.26(MeV), sin θ = 0.36 ∼ 0.41, (12)
M+ = 1879 ∼ 1889(MeV), Γ+ = 103 ∼ 155(MeV).

Here M+ and Γ+ are the mass and decay width of the
partner state of Θ+ which corresponds to the larger eigen-
value.

One notes that a state of mass around 1885 MeV and
broad width around 130 MeV is predicted. This state is
above the N -K and N -K∗ threshold and therefore may
decay into them by strong interaction. One immediate
question arises, why this state has not been discovered.
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Fig. 2. The diagrams for Θ+ decays. a and b correspond to the molecular states which are of P -N or V -N types. The
pseudoscalar K(0−) should be replaced by D or B and K∗(1−) should be replaced by D∗ or B∗ for Θc and Θb respectively

There are several factors which may have contributed to
the non-observation of this state if it exist, one of them is
that a messy hadron spectra in that energy region where
the expected resonance is hard to be clearly pinned down
and mis-identified as background. Of course, at present,
we cannot confirm the picture of mixing, namely it could
be wrong and the resonance would be completely inter-
preted as a pure pentaquark.

3.1.2 The results for Θc and Θb

In the case of Θc, both molecular masses of N -D and N -
D∗, and also the mass of the pure pentaquark are below
the observed mass, a mixing of the pure pentaquark and
molecular states can give correct mass. We also assume
Θb to be in a similar situation.

(i) The case of P -N molecular states
First we suppose that the molecular states of DN and
BN mix with the pure pentaquarks uuddc̄ and uuddb̄ to
construct Θc and Θb. We have

For the Θc State : xc = −0.69 ∼ −0.98,
∆c = 127 ∼ 229(MeV),
ΓΘc

= 6.9 ∼ 12.5(MeV),
sin θ = 0.90 ∼ 0.80,
M− = 2631 ∼ 2748(MeV).

For the Θb State : xb = −0.69 ∼ −0.98,
∆b = 162 ∼ 292(MeV),
sin θ = 0.89 ∼ 0.78
MΘb

= 6458 ∼ 6647(MeV),
ΓΘb

= 2.6 ∼ 1.9(MeV)
M− = 5984 ∼ 6134(MeV). (13)

For the above two cases, the larger one of the two eigen-
values corresponds is the observed Θc. M− is the mass
of another eigenstate which is below the N -D and N -B
threshold and therefore do not have strong decay channels.
They can easily escape the detection. For the charged Θb,
there might be a trace of energy deposit on its path in a
drift chamber and this signal may be used to identify its
existence.

(ii) The case of V -N molecular states
If the molecular states in Θc and Θb are D∗N and B∗N ,
the results are different from the P -N case. We have

For the Θc State : xc = −0.81 ∼ −1.18,
∆c = 90 ∼ 139(MeV),
ΓΘc = 3.3 ∼ 15.3(MeV),
sin θ = 0.85 ∼ 0.76
M− = 2825 ∼ 2892(MeV),
Γ− = 53.5 ∼ 109.9(MeV).

For the Θb State : xb = −0.81 ∼ −1.18,
∆b = 112 ∼ 173(MeV),
sin θ = 0.91 ∼ 0.79,
MΘb

= 6426 ∼ 6552(MeV),
ΓΘb

= 3.1 ∼ 12.7(MeV),
M− = 6128 ∼ 6211(MeV). (14)

Again the larger one of the two eigenvalues corresponds
to the observed Θc,b and M− is the mass of another eigen-
state. It is interesting to note that in this case the light
partner of Θb is below the threshold of N -B and therefore
has no strong decay channel, but the light partner of Θc

is above the N -D threshold and can decay into N +D by
strong interaction via the diagram shown in Fig. 2c. This
state however has a broad width which may be difficult to
identify. If future experiments with high precision still do
not discover such a state, the mixing of D∗-N molecular
state with a pure pentaquark should be ruled out.

4 Multi-state mixing

As pointed out in the introduction, there could be multi-
state mixing among pentaquark and molecular states of
N-P and N-V types. For example the mechanisms shown
in Fig. 2b and c can also mix the N-P and N-V states. By
adjusting relevant parameters, the measured values can
be easily re-produced. Allowing pentaquark, N-P and N-V
states to mix, the effective Hamiltonian can be parame-
terized as

H =


MPenta ∆1 ∆2

∆∗
1 MPN ε

∆∗
2 ε∗ MV N


 , (15)

where ∆1,2, and ε are the parameters describing the mix-
ing among pentquark and molecular states. Now, the
hamiltonian is expressed by a 3×3 matrix instead of 2×2
matrix discussed in last section.
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a b

Fig. 3. a and b describe the dependence of M
(s)
L , M

(s)
M and M

(s)
H on ∆

(s)
1 , and relation between ∆

(s)
1 and ∆

(s)
2 , respectively.

The state with middle eigenmass corresponds to the observed state Θ+

In the cases discussed in the previous section the pure
pentaquark and molecular states have masses significantly
different from that of the observed states. This implies
that the mixing needed to explain the data is large. The
mixing depends on the size of the parameter∆i which is of
order 100 MeV. The parameter ε which mixes the N-P and
N-V states can be obtained in our approach by calculating
diagrams Fig. 2b and c. We find that the parameter ε is
of order a few MeV which is considerably smaller than ∆i

needed to explain data. Neglecting the mixing between N-
P and V-P in our analysis, i.e. setting ε to be zero, will
not affect the main features of the results. We will take
this simple case to illustrate how we can obtain the correct
masses and correlations of the mixing parameters with the
three-state mixing.

With the above hamiltonian, there are three eigen-
states with one of them being identified as the observed
physical states (Θ+, Θc and possible Θb). There may ex-
ist two other physical states. These states have not been
discovered may be due to the same reasons discussed ear-
lier for the other physical state in the case of two state
mixing.

(a) For Θ+.
The observed state (Θ+) must be identified as the state
with the middle eigenmass MM shown in Fig. 3a. To fulfill
this requirement, we must restrict the two mixing param-
eters ∆(s)

1 and ∆(s)
2 within a certain range. Fig. 3b demon-

strates the relation between ∆(s)
1 and ∆(s)

2 and ranges for
them. We use MH and ML to denote the masses corre-
sponding to the heavier and the lighter physical states(see
Fig. 3). The bands described in Fig. 3a and b come from
the experimental error of MΘ+ and the theoretical uncer-
tainties of the binding energies of KN and K∗N systems.
One notes that the P-N state can also play significant role
in the mixing.

(b) For Θc.
Different from the case of Θ+, the largest one among the
three physical states corresponds to the observed Θc, when
we diagonalize the three-states mixing hamiltonian (15).
M

(c)
M andM (c)

L are other two physical states having middle
and lower eigenmasses respectively. Similarly, we also use
two diagrams to demonstrate the relations between M

(c)
i

and ∆(c)
1 , and ∆(c)

1 and ∆(c)
2 (see Fig. 4a and b).

a b

Fig. 4. a and b describe the dependence of M
(c)
L , M

(c)
M and M

(c)
H on ∆

(c)
1 , and the relation between ∆

(c)
1 and ∆

(c)
2 , respectively.

The highest state corresponds to the observed Θc
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Fig. 5. The dependence of M
(b)
L , M

(b)
M and M

(b)
H on ∆

(b)
1

(c) For Θb.
In analog to the case of two-state mixing in last section,
we apply the relations (11) of ∆(c)

1 , ∆(c)
2 with ∆

(b)
1 , ∆(b)

2
to predict three physical states, whose masses are denoted
as M (b)

H , M (b)
M and M (b)

L respectively. We may expect that
the state having the largest eigenmass M (b)

H corresponds
to Θb which is a counterpart of the observed Θc. In Fig. 5,
we draw a diagram depicting the relations of the masses
of the three physical states.

Whether there is significant three state mixing, that
is both ∆1 and ∆2 are sizeable, has to be determined by
future experimental data.

5 Conclusion and discussion

In this work, motivated by the fact that the theoretically
evaluated masses and widths of pure pentaquark or molec-
ular states do not coincide with the observed Θ+ and Θc

states, we have studied some consequences by assuming
that the observed resonances Θ+ and Θc are mixtures of
pure pentaquark and molecular states.

The pure pentaquarks may be in the triquark-diquark
or diquark-diquark-antiquark structures, while the molec-
ular states in fact are only a re-combination of the quark
constituents and colors, i.e. another component in the
Hilbert space. Therefore a mixing between the molecular
state and pure pentaquark is possible. Combining theoret-
ical estimates for the masses of the pure pentaquark given
in the literatures and our estimate for the masses of pure
molecular states in the linear σ-model, we estimated the
mixing parameters, ∆i (here i=s,c) by fitting data.

We find that through the mixing mechanism it is possi-
ble to obtain the observed masses for Θ+ and Θc, and also
possible to obtain narrow widths for these states through
destructive interferences even if the pure pentaquark and
the molecular states may have broader decay widths. The
mixings are sizeable, but the dominant components of the
observed states are pentaquark states.

An interesting prediction of mixing of pure pentaquark
and molecular states is that there exists another physical
state. In the case of Θ+, with the pure pentaquark mass

predicted by the triquark-diquark model [21], the state
to be mixed is the N -K∗ molecular state. The resulting
heavier physical state mass is predicted to be in the range
1879 ∼ 1889 MeV with a width in the range 103 ∼ 155
MeV. Since this state is above the producction threshold
of N -K and N -K∗, its strong decays into N -K and N -K∗
can be used to discover such a state. At present there is
no evidence for such a state. It may be due to experimen-
tal sensitivity since this is a region where there is a mess
spectra, and this physical state has a broad width, so that
it might be hidden in the forest of hadrons in the region
and is mis-identified as the background. Of course there is
also the possibility that the mixing for Θ+ is not needed
and the pure pentaquark state has the right properties as
attempted by many investigations.

For Θc, it is another story, by contraries. If the pure
pentaquark mixes with a N -D molecular state, the mixing
mechanism would predict that the mass of the other state
is below the threshold of N -D. This state is stable against
strong interaction, and may have escaped detection in the
detector. There may be several weak decay channels, but
difficult to detect either. Whereas if the pure pentaquark
mixes with a N -D∗ state the light partner of Θc is above
the N -D threshold and can decay into N + D by strong
interaction. This state however has a broad width which
may be difficult to identify. If future experiments with high
precision still do not discover such a state, the mixing of
D∗-N molecular state with a pure pentaquark should be
ruled out.

For Θb the light partner state is below the N -B thresh-
old for both the cases that the pure pentaquark mixes with
a B-N or B∗-N molecular state. Since the light partner
state is charged, although it does not have strong de-
cay modes, it may leave trace by depositing energy in
the medium when passing through a detector, such as a
drift chamber. We encourage our experimental colleagues
to carry out a search in the relevant region.

Obviously there could be multi-state mixing among
diqaurk-diqaurk-antiqaurk, diqaurk-triquark and molecu-
lar state(s). By adjusting parameters (there are more of
them than in the two-state mixing), the measured val-
ues can be re-produced. In Sect. 4, we illustrate possible
changes if three-state mixing is considered. We find that
for the present experimental data, it is easy to restore the
case for two-state mixing by requiring one of∆i to be zero.
Thus the main feature is clearly given in the two-state
mixing case. Since we cannot reliably evaluate the mixing
parameter from any solid theoretical ground, considering
mixing among more states does not provide us with fur-
ther information. At present, the two-state mixing can
result in values which well explain the spectra and narrow
widths of Θ+, Θc and predict possible Θb. However, in the
future more accurate measurements on properties of the
resonances may demand such multi-state mixing.

As a conclusion, a mixing between a pure pentaquark
and a molecular state may be reasonable and by this pic-
ture, we can explain the mass spectra and widths of the ob-
served Θ+ and Θc even the theoretical estimations based
on the pure pentaquark given in the literatures obviously
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deviate from data. Applying the same mechanism, we have
predicted the mass and width of Θb which can be tested
in the future experiments. Moreover, multi-state mixing
may be required when more accurate measurements are
made in the future.
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Appendix A

(i) The effective potential for the nucleon and pseudoscalar
meson system.
(1) σ exchange.

V P−N
σ (q) =

−gNNσ gPPσ

2ma(q2 +mσ
2)

[
1 − p2

1

2ma
2

− q2

8m2
N

− q · p1 + 3p1 · q
8m2

N

− p2
1

2m2
N

− i

4m2
N

σ2 · (q × p1)
](

Λ2 −mσ
2

q2 + Λ2

)2

, (A.1)

taking the Fourier transformation, we obtain

V P−N
σ (r) =

−gNNσ gPPσ

2ma

{
fσ(r) − 9

8m2
N

Fσ(r)

−
(

1
2ma

2 +
1

2m2
N

)
p2

1fσ(r)

+
[∇2fσ(r)]

8m2
N

+
ip1 · r
2m2

N

Fσ(r)

−S2 · L
2m2

N

Fσ(r)
}
. (A.2)

where

fσ(r) =
e−mσr

4πr
− e−Λr

4πr
+

(m2
σ − Λ2)e−Λr

8πΛ
,

Fσ(r) =
1
r

∂

∂r
fσ(r).

(2) ρ exchange.

V P−N
ρ (q) =

gNNρ gPPρ

q2 +mρ
2

{
1 − q2

8m2
N

−q · p1 − p1 · q
8m2

N

+
iσ2 · (q × p1)

4m2
N

+
1

4mNma
[q2 + 4p2

1 + 2q · p1 + 2p1 · q

+2iσ2 · (q × p1)]
}(

Λ2 −m2
ρ

Λ2 + q2

)2

(A.3)

taking the Fourier transformation, we get

V P−N
ρ (r) = gNNρ gPPρ

{
fρ(r) − 3

8m2
N

Fρ(r)

+
[∇2fρ(r)]

8m2
N

+
S2 · L
2m2

N

Fρ(r) − [∇2fρ(r)]
4mNma

+
1

4mNma

[
4p2

1fρ(r) + 6Fρ(r)

−4ip1 · rFρ(r) + 4S2 · LFρ(r)]
}
, (A.4)

where

fρ(r) =
e−mρr

4πr
− e−Λr

4πr
+

(m2
ρ − Λ2)e−Λr

8πΛ
,

Fρ(r) =
1
r

∂

∂r
fρ(r).

(ii) The effective potential for the nucleon and vector me-
son system.
(1) pion exchang.

V V−N
π (q) = − gNNπ gV V π

4mN (q2 +m2
π)

(S1 · q)(S2 · q)

×
(
Λ2 −m2

π

Λ2 + q2

)2

, (A.5)

taking a Fourier transformation, we get

V V−N
π (r) =

gNNπ gV V π

4mN
(S1 · ∇)(S2 · ∇)fπ(r), (A.6)

here

fπ(r) =
e−mπr

4πr
− e−Λr

4πr
+

(mπ
2 − Λ2)e−Λr

8πΛ
.

(2) σ exchange.

V V−N
σ (q) = −gNNσ gV V σ mb

2(q2 +mσ
2)

[
− 1 +

p2
1

6mb
2 +

2p1 · q
3m2

b

− iS1 · (q × p1)
4m2

b

+
p1 · q − q · p1

8m2
N

+
q2

8m2
N

− iS2 · (q × p1)
4m2

N

](
Λ2 −mσ

2

q2 + Λ2

)2

, (A.7)

taking a Fourier transformation, we obtain

V V−N
σ (r) = −gNNσ gV V σ mb

2

{
− fσ(r) − 3

8m2
N

Fσ(r)

+
p2

6mb
2 fσ(r) − S1 · L

4m2
b

Fσ(r) (A.8)

−2ip1 · r
3m2

b

Fσ(r) − [∇2fσ(r)]
8m2

N

− S2 · L
2m2

N

Fσ(r)
}
,

where

fσ(r) =
e−mσr

4πr
− e−Λr

4πr
+

(m2
σ − Λ2)e−Λr

8πΛ
,
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Fσ(r) =
1
r

∂

∂r
fσ(r).

(3) ρ exchange.

V V−N
ρ (q) =

gNNρ gV V ρ

q2 +mρ
2

[
1 − q2

8m2
N

− p1 · q − q · p1

8m2
N

+
iS2 · (q × p1)

4m2
N

+
q2

4mNm1−
+

p2
1

6mNmb

+
p1 · q

2mNmb
+

q · p1

12mNmb
− iS2 · (q × p1)

6mNmb

− iS1 · (q × p1)
8mNmb

](
Λ2 −m2

ρ

Λ2 + q2

)2

, (A.9)

taking a Fourier transformation, we get

V V−N
ρ (r) = gNNρ gV V ρ

{
fρ(r) +

3
8m2

N

Fρ(r)

− 1
2mNmb

Fρ(r) +
[∇2fρ(r)]

8m2
N

+
S2 · L
4m2

N

Fρ(r)

− [∇2fρ(r)]
4mNmb

+
p2

1

6mNmb
fρ(r) − 7ir · p1

12mNmb
Fρ(r)

− S2 · L
6mNmb

Fρ(r) − S1 · L
8mNmb

Fρ(r)
}
, (A.10)

here

fρ(r) =
e−mρr

4πr
− e−Λr

4πr
+

(m2
ρ − Λ2)e−Λr

8πΛ
,

Fρ(r) =
1
r

∂

∂r
fρ(r).

Appendix B

The molecular state is expressed as [41]

|φMole(P, s)〉 = A ·
∑
spin

Cs
s1,s2

χs1,s2 (B.1)

×
∫
dp1dp2ψ(p1,p2)δ3(p1 + p2)b†p1,s1

a†
p2,s2

|0〉,

where Cs
s1,s2

is the C-G coefficients, χs1,s2 are the spin-
wavefunctions and A is a normalization constant. We nor-
malize this fermion state as

〈φMole(P′)|φMole(P)〉 = (2π)3
EP

MA
δ3(P′ − P). (B.2)

In Fig. 2a, we present the diagram for decay of the molec-
ular state which is composed of a pseudoscalar meson and
a nucleon in P-state, this transition occurs via exchanging
σ or ρ, the amplitudes are

M(σ)(PN) = A · gNNσgPPσ

∫
dp1dp2

×
∑
spin

Cs
s1,s2

χs1,s2 ū(PB , sB)u(p1, s1)ψ(p1,p2)

×δ3(p1 + p2) · 1
q2 −m2

σ

(
Λ2 −m2

σ

Λ2 − q2

)2

, (B.3)

M(ρ)(PN) = A · gNNρgPPρ

∫
dp1dp2∑

spin

Cs
s1,s2

χs1,s2 ū(PB , sB)γµu(p1, s1)(PC + p2)ν

×ψ(p1,p2)δ3(p1 + p2) · gµν

q2 −m2
ρ

(
Λ2 −m2

ρ

Λ2 − q2

)2

.

(B.4)

and the total amplitude is the sum of M(PN)(σ) and
M(PN)(ρ).

In Fig. 2b, the molecular state consists of a vector me-
son and a nucleon, the corresponding amplitudes are

M(π)(V N) = A · gNNπgV Pπ

∫
dp1dp2

×
∑
spin

Cs
s1,s2

χs1,s2 ū(PB , sB)γ5u(p1, s1)(2PC − p2)µ

×εµψ(p1,p2)δ3(p1 + p2)

· 1
q2 −m2

π

(
Λ2 −m2

π

Λ2 − q2

)2

, (B.5)

M(ρ)(V N) = A · gNNρgV Pρ

∫
dp1dp2

×
∑
spin

Cs
s1,s2

χs1,s2 ū(PB , sB)γλu(p1, s1)εαβµνqαp2µ

×ενψ(p1,p2)δ3(p1 + p2)

· gλβ

q2 −m2
ρ

(
Λ2 −m2

ρ

Λ2 − q2

)2

. (B.6)

and the total amplitude is the sum of M(π)(V N) and
M(ρ)(V N).
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